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ERGODIC BEHAVIOUR OF NONSTATIONARY

REGENERATIVE PROCESSES1

BY

DAVID MCDONALD

Abstract. Let V, be a regenerative process whose successive generations are

not necessarily identically distributed and let A be a measurable set in the

range of Vt. Let y\, be the mean length of the nth generation and a„ be the

mean time V, is in A during the nth generation. We give conditions ensuring

lim,^ Prob{K, e A) = a/p.   where   lim,-.«(1/'|)2".i P-j - /x   and

Introduction and main results. A nonstationary regenerative process V, may

be viewed as a succession of independent generations or cycles whose cycles

are not necessarily identically distributed (a good example is a classical

regenerative process (see [8]) whose stochastic mechanism is nonuniformly

perturbed). The successive cycles are labelled 1, 2, 3, . . . and we could start

off the process at the nth cycle, say, in which case we denote the process by

K/B) ( V,m is denoted by Vt). However the process is started, it is defined on a

measure space {ß, S). Starting off at the nth cycle merely induces a different

probability measure F(n) on {B, f } (F(1) is denoted by F).

Let (Fn)~_, denote the lengths of the cycles starting at cycle 1. Hence

(F„)^°=1 is a sequence of independent random variables defined on {Ü, S, P).

Also we assume F„ > 0 for all n. Define S„ = H,"m^x Tm.

If the Tm all take values on a lattice (for simplicity the integers) we call it

the lattice case; otherwise we call it the continuous case. As in [2] and [3] we

maintain a dichotomy between the two cases. In the former case R [R+]

represents the integers [nonnegative integers]; B+ is the a-field of subsets of

F+ and m is counting measure. In the latter case F [F+] represents ( — oo, oo)

[[0, oo)]; B+ is the a-field of Borel sets on R+ and m is Lebesgue measure.

Let Kn be a partition of {1, 2, ... } of the form Kn = {i\in < /' < '„+i}-

Given Kn define Yn = J,i(EK T¡. For d > 0, and e = l/2r, r an integer, set
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136 DAVID MCDONALD

Bk(e) = (x| — e < x — 2ke < e},

qnk(e,d) = min[Prob{ Y„ E Bk(e)}, Prob{ Yn - d E Bk(e)}],

oo m

<7„(e. ¿)  =       2      <7**(e> d\ ß«=2?n(l'0-
k = — oo n= 1

Definition 1. The sequence {F„}^=1 is called strongly ¿/-mixing if Ve there

exists a sequence Kn such that S^=0 1n(e> d) = °°- Furthermore the sequence

{F„}"_, is called strongly mixing if the closure of the smallest subgroup

containing {d\{ Tn}™=x is strongly ¿-mixing} is F.

Condition C(a). (F„)"=1 is a strongly mixing sequence (see also [2, Defini-

tion 3] and also Mineka [4]).

Let F" be the distribution of F„.

Condition C(b). There exists a distribution G with finite mean such that

F"(s) > G(s) for all n and all s E R + . Let ß be the mean of G.

Condition C(c). If ¡in = ETn is the mean length of the nth cycle then

inf fi„ > ¡i > 0. This condition is vacuous in the lattice case.

It is clear that Vt is a very special semiregenerative process (see [2] and [3])

with embedded semi-Markov chain (n + 1, F„)^°=0 (F0 = 0). We may there-

fore apply the ergodic results ([2, Theorem 4] and [3, Theorem 4]) to our

special case:

Theorem I. If A is a measurable set in the range of Vt, if Conditions

C(a)-C(c) hold and if in the continuous case the functions F(n){ Vs E A,

Xx> s) (Xx denotes the length of the starting cycle) are uniformly directly

Riemann integrable (see [3, Definition 4]) then

lim     2 P{V,EA,Sn_x<t<Sn}-^P{Sn_x<t<Sn} = 0(1)

where a„ = / dP(n)f^ X{v}-><ea)(s) ' m(ds); that is an is the mean time Vt is in

A during the nth cycle.

The goal of this paper is to evaluate the weighting P{S„_X < t < S„} as

t —» oo. We define the following supplementary conditions:

Let the variance of F" be a2 and set A„ = 2J=, ty, B2 = 2"., of.

Condition S(a). There exist constants a and ö such that a2 < (ä)2 and

n(o)2 < B2.

Condition S(b). limi^00(l/a|)/|;(:|<6(x - nk)2Fk(dx) = 1 uniformly in k.

Condition S(c). There exists a jti > 0 such that limn_>00 Vn (An/n — ¡x) =

0.

The chief results of this paper (the proofs are given in the next section) are

as follows.
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Theorem 2. // Conditions C(a)-C(c) and S(a)-S(c) hold, then

137

lim     2
t-KX     „ = \

teR+

'«-■^«-^•H^ = 0. (2)

Theorem 3. // Conditions C(a)-C(c) and S(a)-S(c) hold, if (1) holds and if

there exists an a such that

then

lim Vñ I —   y\ a,: — a   = 0
n-»oo        y n v_i J

Km P {V, E A) = ^
t—»oo /X
teR +

This generalizes the classical ergodic result for regenerative processes (see

[8])-

Lemmas and proofs. Conditions C(a)-C(c) are verified throughout.

Lemma 1. If Conditions S(a) are satisfied then for any e > 0 there exists a X

such that

lim

\(t-A„)/Vt\>\

*      iexpUA^Xe.
V2^       Bn 2Bi

Proof.

M„ I  - O - An)2
exp

(t-A„)/V~t >\  V2~TT       Bn [ 2B2

( fj-!-    f    - (xvi ♦ tf
»-1V2Ï   i](„)X(t-\Vl)/ii-k)        [2(«)!((i-XVi )/f.-k)

/•ff^.ij    -J2L±lt£   1
k=t7yp+i  V2^     ?  "     [2(â)2((t -XVt)/fl-k)

(where 0 < (l/y)(ß/n) < 1 and / > A2(l - \/y)~2)

¡rt 3/2
(ß) 1      rt/iv-_1

V^ ^o       y/t-XV,yjt -XVt
expJ.

¿x     (xV7 + x¿i)2

Xjtl 2(rJ)2   (/ - XV7 - xu)
¿x
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We now choose 0 < a < 1 such that

t - XVt - xß> a(t - XVt - xfi)

for 0 < x < t/yn- It suffices to find a suitable a for x = t/yg. For x = t/yp

the above inequality yields i(l — a — ß/yn + a/y) > XVl (I — a). Pick a

so that ß = (1 - a - ß/yp + a/y) > 0; That is 0 < a < (1 - l/y)_1(l -

ß/yn) and ßt > XVt (1 -a); that is t > (X(l - a)/ß)2. Therefore for a, y

and"¡8 as above and t > max{X2(l - l/v)-2, (X(l - a)/ß)2}

Íflü-Lf^_!_J¡J¡JL.J£l±5tL\aK
2        V^^o       ^ _ xV7 _ xiI [2(a)2   (í-XV7-xm)J

„ (/I)3/2 1 1     ri/w_1

^   v^ J°    ^t-xVt - X/i

2(a)2   (r - XV? - xM)

.TY>/2(m)
9?       V2^     VÏ ■/*<i-i/y)-xv7 Vj l 2(ô)2 J       j

(where j = t - XV7 — xju)

- (m)V2       !_L rO/y+AvTXKi-i/Y)-^^)-172^ _x(x2 + 4i)-i/2\

2£       V2w     V«  Av7(/-xVi)-1/2 V '

•eXP(#'X2}^

(where x = (t - s)/Vs or Vs = ( Vx2 + 4r - x)/2)

?¿£      V2^     V^ A I (a)2      I

Therefore,

(f-.4„)/v7 >A V2^
*„ 2F2
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for X sufficiently large and t > max{X2(l — \/y)~2, (X(l — a)2//?)} where a,

X and ß are defined as above.

Similarly

V M„        1 Í - (' - An)2
2, ^=-^-exp

0-An)/Vt <-A ^TT        Bn 2F

t = lV^    y(a)2((/ + XV7)//ï+^) [2(a)2((r + XV7 )/>+*)

<í£^._i_2_!_expf_z^.  (^ + *m)2 }
2        V2¥  *-«yT+XVTTS [2(a)2   (i + XV7+/cu)j

<ífiü_L-f-_!_ exp{^iL.    (^ + JCfi)a   1

2    ^ ^ /TxvTTx^     l2(*)2 (i + ̂ v7 + xW)j

?M       V2^ A+Av7 V7 1 2(ä)2 Ä       J

(where í = t + X V7 + x/x)

.T\V2

2w Av7/V/+av7 V        Vx2 + 4/ /       I 2(a)2       i
i£El._}_r /i ,     *    \—f -ü -21

2M       V2^

(where x = (f - s)/VJ or Vj = (Vx2 + At + x)/2)

ífiü   i   p2expfjzjlA dx <i
?/f       V2¥ A I 2(a)2     J 2

for X sufficiently large.

The result follows,    fj

Lemma 2. //" Conditions S(a) are verified, then for any e > 0 /ntve exis/ X an</

F(X(e)) Jt/cn inar

2 F{S„_! <í <5„} <e     forallt>T.
\(t-A„)/Vt\>\

Proof.

2 F(S„_, < < < Sn) < P(Sk >t) + P(S, < t)
\{t-A„)/Vt\>\

where

k = sup{n: An < t - XVt }
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/ = inf{n:^„ >t + XV7 },

P(Sk >t)<P{Sk-Ak>XVl)<^2< Ï&-.

However ¡jJc < Ak < t - Xv7 . Hence

*<i(1.i_)<I        fori>X2.
t    M      V7 /    m

Therefore F(5^ > r) < (l/ti)(a)2/X2.

P(S, < 0 < ^(S, -A,< -XVT) < -^ < -^-.

However u(/ - 1) < At_x < t + XVt . Hence

'   A    v~t J   -
Therefore,

Hence,

P(S„ <>) <
iï+*)*ï

X

V7
{ôf

hm [P(Sk >t) + P(S, < i)] < ̂ (f + 4
Í-..00 A     V f1        -/

This can be made arbitrarily small by taking X large.

Lemma 3. If Conditions S(a) are satisfied then for L > 0, e>0, X>0 there

exists a T > 0 such that for all t > T and for all x (0 < x < L) we have

exp
-(t-x- An)2

2Bl
exp

(j - A + i)2

2F„2+1
<£

/or a// n swc/i inar |(r - A„)/Vt | < X.

Proof.

exp
(t-x- An)2 \ j - (t - An+Xy

— expj
2F„2 2F2  ,n+ 1

1 — exp
(t-An+x)2      (t-x-An)2

2B2n + x 2B2
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Next

0-An+xf      (t-x-An)2      B2(t - An+X)2 - B2n+X(t - x - A„)2

2B2+X 2B2 2B2+XB2

Also

B2(t -A„- m„ + 1)2 - (F„ + a2+x)(t - x - An)2

= B2(t - An)2 - 2B2nK+x(t - An) + (h + x)2B2

-B2(t - An)2 - B2x2 + 2B2x(t - An)

- o2+i(' - An)2 + 2xo2n+x(t - An) - a2+xx2.

Therefore

(t-A„+lf      (t-x-An)2

2F2+1 2F2

-2/W,(' - An) + 2x(t - An) + (ixn + 1)2 - x2

2£„+i 2F„+1

2xa2+1(f - An) - o2n + x(t - An)2        a2+1x2

n    n+l nn+l

as t —» oo, n -» oo. Moreover F2 > n(a)2 hence

{U+,)2-*2}/2F„2+1^0,    r-oo,

and

-a„2+Ix2/2F2F2+,^0,    f->0Q,

for n such that |(r - A„)/Vt | < X. Next^„ - XV7 < t < An + Xv7 implies

that r — Xv7 < «/I. Hence

|/ - ^„|    xv7     xV7        xVt ß
F2 F„2 „(a)2      a(r-XV7)

Therefore |r - ^„|/F2 ^ 0 and

(f - ^)2 = (f - 4.)    (f - ¿J

n2 d2 d2 d2
^n^n+l an anA-\

as f -> oo by the same reasoning. Hence we have

(i-.4n + 1)2      (t-x-A„)2

0

2F2+1 2F2

which gives the result.    □
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Lemma 4. If Conditions S(a) are verified then Ve > 0, X > 0 there exists a

T > 0 such that for t > T

\2
1

f (i _ F«+i(, _ ,))._i_ exp
2tt 2F2

m(<&)

ft,+i J   -(t-An+x)
exp <£

'2tt {        2Bn+x

for n such that \(t - A„)/Vt | < X.

Proof.

f°°(l - F"(x))m(dx) < J°°(l - G(x))m(dx)^0

as L -> oo. Let L be such that /£(1 - G(x))m(dx) < e/4. Next

-'n
exp

(' - A)2

2F2

1
exp

C-^+1)2

252+1

-A)2

«^-«•-•»vH^l
-exp

(t-An+x)2

252+1

Moreover

V2^

- (s - An)2 I \-\t- An+ly
exPi-——: i ~ exP

2BÎ 252+1

m(ds)

m(ds).

< l;

hence

f(\ - G(t - s))-±- exp)
Jo \Fbrr {

(' - Anf

2B2
exp

-(*-An+x)2

2Ä2+1
m(ds)

< ('   (1 - G(t - s))—^— exp
Jt-L V2Ü {

— exp

(* - Anf

2^2        j

-(<-^+i)2

2*2+1
«(A)+ 4.
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By Lemma 3 there exists a F > L such that for / > F and j such that

t — L < s < t we have

exp
- (s - An)2

2B2
exp

(<-An+l)2

252+,
<i

for n such that |(r - An)/Vt \ < X. Hence we have

Jo V2tt        {        2F2        J2F2

1

V2tt
exp

('-^,+i)2

2F.2  ,
m(ds)

e        e       e

r   4u     4     2

However

r'(l _ *•♦!(, _ S))m(ds) - u„ + 1
•'n V2^

exp
- (t - A„+x)2

2B2n + x

tin+x-j\\-F"+\s))m(ds)
<!•

This gives the result.   □

We now digress to establish certain useful results related to local limit

theorems.

Proposition 1. In the continuous case suppose {Tn}™_x is strongly mixing

(we need not assume that the Tn are positive valued) and suppose F, has a

bounded density; then for all s, 0 < s < /, where s E R+ and I E R + ,

lim      J    P{kl <Sn<kl + s] =^.
"->0°  *--«,      . '

Proof. First suppose s = xp, I = xq where/» and q are integers (x G R+).

Consider the function/(z) = Xu°°__ iki,ki+x)(z)- Next let 2Sn = 2*_2 Tk so

Ef(Sn) = Ef(2Sn + F.) = ET f(2Sn + y)F\dy) = Eg{2Sn)
J — OO

where

gW=f0O/(^ + v)F1(4').
•' — oo

Since F1 has a bounded derivative, g is uniformly continuous and applying

Theorem 2 in Orey [7] we have:

Tim [F/(SJ - Ef(Sn + *)] -  Tim [Fg(2S„) - Fg(2S„ + x)] = 0.



144 DAVID MCDONALD

Similarly

hm [Ef(Sn) - Ef(Sn + kx)] = 0

so

lim
n—»oo

qEf(Sn) - F 2 f(Sn + kx)
k = 0

= 0;

that is lim^JqEflS,,) - 1] = 0. Hence lim^^ F M-oÄSn + kx) = p/q
which gives:

lim
n—»oo

2    P{kl<Sn <kl + s) = j
= — r*-i *

if s/l is rational. For arbitrary s, I we can find SL <s <SV such that 5L//

and Sy/l are rational. Applying the above

C< 00

-^<lim      2    P{kl <S„<kl +s]
' n^oo    *=-oo

and

ÏÏnT      2    P{kl <Sn<kl + s) <^f.
n—»oo   k=—oo '

The result follows by taking S^ and Sy arbitrarily close to s.   fj

The analogous result in the lattice case is obtained similarly. We also have:

Proposition 2. In the continuous case under the hypotheses of Proposition 1

lim/i—oo suPiE[£,a>)|nX-i/*(Ol = 0 where e > 0 ûtk/ /¿.(r) w ine characteristic

function of Tk.

Proof. Let F, be a random variable independent of the Tk for & > 2 with

characteristic function

/(,)_{'"MA    |or|,|<t,
[0 for |/| > e

(see Mineka [5]). Let Sn = F, + F2 + • • • + F„. Now (n + 1, FX-o (To =

0) is a semi-Markov chain with state space {1, 2, ... } and transitions from n

to n + 1 for all n. It is clear that all bounded, harmonic functions on the

underlying chain are constants. Moreover (n + 1, FX-o is strongly mixing.

Therefore by Lemma 1(a) in [3], for any harmonic function h on (n +

1, SX-o> h(n, x) = Ch, a constant, a.e.-w for each n. We may consider

(n + 1, SX-o to be the same chain with a different initial measure. By

hypothesis both Sn and S„ are absolutely continuous w.r.t. m so, by Theorem

1 in [3],
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lim \\P{Sn E dx) - P{S„ Edx}\\= 0

| || is the total variation on R).

Now EeisTi = 0 for \s\ > e and hence Eeis§" = 0 for \s\ > e. Hence

lim      sup
n—»oo      _r       ,

i£[e,oo)

n us)
k=\

=  lim      sup   \EeisS- - EeisS-\
n—»oo

s6[t,oo)

<   lim \\P{S„ E dx] - P{S„E dx}\\ = 0

since \eisx\ < 1 for all 5.    □

Proposition 3. In the lattice case if Condition C(a) is satisfied then

00

II [  max   P{Tk = n (mod n)} 1 = 0
k=xí-0<n<h J

for any integer h > 2.

Proof. Suppose there exists an integer h such that

CO

II      max   P {Tk = m (mod h)}
¿t=l L 0<m</7

>0.

Then there exists a sequence of integers {mk}k°=x such that

oo

II [P { Tk - mk = 0 (mod ft)}] > e > 0.
*=i

Let Tk = Tk - mk; Sn = F, + F2 + • • • + F„. Hence F{ Fn = 0 (mod n) for

all n} > e > 0. Hence P{S„ = 0 (mod n) ult} > e > 0. However the tail field

of {5'n}^_1 is clearly contained in the tail field of (5n}"_1 which is trivial by

hypothesis C(a). Hence P{Sn = 0 (mod h) ult} = 1. However

2  \p{sn = i}-p{sn = i + i}\
= — 00

> P I $n - 2   ™* (mod *) 1  - ' I S„ -  2  w* "» 1 (mod A)
/t = l J (. *:=1

= |F{5„ = 0(modn")} - P {Sn = 1 (modn")}|

—»1   as n —» oo

since S„ = 0 (mod A) ultimately. But by the argument used in Proposition 2

(or by Theorem 2 in [7])

lim ||F {S„ E dx} - P {Sn + 1 G dx}\\ = 0.

This gives a contradiction and hence completes the proof.   □

We now state:
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Lemma 5. If Conditions C(a) and S(a)-S(b) are verified and Tx has a bounded

density then

lim
n—»oo

Bj>M
1

>2tt
exp

- (s - An)2

2B2
= 0

uniformly in s E R wherepn(s) = P{Sn = s) in the lattice case andpn(s) is the

density of S„ in the continuous case.

Proof. It suffices to check the conditions for Theorem 1 in Mineka [5] in

the lattice case and Theorem 1 in Muhin [6] in the continuous case. This is

easy using Propositions 1-3.   □

In the discrete case Condition S(b) may be weakened to the Lindeberg

condition: for each e > 0

Hm -¿ ¿   f (x - lik)2Fk(dx) = 0
n^°°   B2 k=\J\x\>eBn

plus a stronger mixing condition: inf,,^,^ V Q„ /B„ > 0. See [1].

Lemma 6. // Conditions S(a)-S(b) are verified and if W,(rí) = P{S„_X < t <

Sn) then, for all X > 0,

x2

lim 2
'^°°  |(»-^)/v7|<x

«//■  \ M«        1 - (' - A„) = 0.

Proof. By Remark 1 in [3] if F, is a random variable independent of

{F„}"_, with bounded derivative then

lim    f \rVt(n)-P{Sn_x <i <5„}| = 0
Í—oo    „=i

where Sn = F, + T2 + ■ • ■ +Tn. Hence we may assume that F, has a

bounded derivative. Now take e > 0. Next B2/n > (a)2 for all n as n -^ oo,

so there is a K2 such that

V'/^/ü-A/eVi]  <k   Vt> K2.

By Lemma 5 there exists an N such that for all n > N

(s - An)2
BnPn{s)

2tt
exp

2B2
<

Xä:ju
(3)

for all s. Hence there is a F3 > K2 such that the inequality |(/ - A„)/Vt \ <

X implies n > N for t > K3. By Lemma 4 there exists a F > K3 such that, for

t > T,
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['(1 - F"+\t - s))—— exp
Jo V2tt

-is- An)2

2B2
m(ds)

'   expl  -l'—*"*
2Bi <Xk      W

for n such that \(t - An)/Vt | < X. We remark that Wt(n + 1) = /¿(l

Fn + 1(/ - j))/»„(í)m(í&), so, for t > F,

2
|(/-,4„)/v7|<A

IF,(« + O
1        ft, + i -(t-An+xf

exp
V2^      Bn 2B2n+x

2 i
|(<-/f„)/v7|<A D"

¡\\ - F"+\t - s))BnPn(s)m(ds)

M»+i J -('- An+X)
exp

25„2+1

< 2 -¿-/(l-F" + ,(/-J
|(<-4,)/v7j<x  ^"^

• B„pn(s)

))

|(/->I„)/v7 |<A     '■

i     \-('- a„y
V2Ï   eXPl        2F2

f(\ - F" + *(t - s))-±=r
Jo V2tt

*(<&)

2F2

_JVLL
V2^

<       S       T^xfc   (by(3))
|(i-^)/v7|<AÄ«      **ji

+        2        1¿    (by (4))
|(í-x„)/v7|<A d"   **

exp
-(*-^ + i)2

252+1

2e
<  T7

1

X¿    £[,//i-aV7/¡í]     f1
• Aw.
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using nß > t - XV7 . But / > F > K2 so Vt /B[l/p_xvr/ßX < k. Therefore

have

we

2
\(t-A„)/Vt\<\

Finally

\Í2tt      B„

C-An + Xf

2B2n+x

<
4e

I   -(t-An + x)2
ft.+iexp

|(/-^„)/v7|<a V2w [        2Fn+1

1       1

F.      BWi

B    ,Bn— 1    n

since' \B2+, - B2 > Bn+] - Bn. This tends to 0 as t -h» oo. We remark that

Wt([t/ß+\Yi /|t])-»0       así ^oo

which implies

|(/-^„)/v7|<A

IW Ï     !    fc     ( - (' - ¿„)2
< 4e

which yields the result.   □

Proposition 1. // Conditions S(a)-S(b) are verified then

(t - A„)2
lim    2

/-►oo    „ = i
W,(n)--^---Uxp

V2Í ' Bn 2Bl
= 0.

Proof. This is immediate from Lemmas 1, 2 and 6.

Remarks. Proposition 1 gives

«     ft,        1 f - (r - 4,)2 ) •
hm   2 -==■• IT exP   -r^i-    = hm  2 »it») = 1-
t-*m n=\ V2tt     an I 2F„ I       f-»w n=l

Lemma 7. Ff Conditions S(a)-S(c) are satisfied,

lim
/-»oo

|(/-.4„)/v7|<A 2tt     Bn

i     i -c-Any
-5- exp

2F2

1 1

V2^    *«
exp ziLz "vf

2B2
= 0.
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Proof.

2
\(t-An)/V}\<\

1 1

V2tt     Bn
exp'

(t - Anf

2B2

-(t- nil)2
exp' -

\Tbn      B„ 2Bl

V l » I -O-AJ
^r    v^'F"exp —^r~

|(/-A)/V7|<A   V2tT        Dn { ¿B„

1 — exp<
-2tAn + A2 + 2/nu - n2u2

2F_2

However

-2tAn + A2 + 2tnn - n2¡i2 _       [A„ - nu]

2B2 ~ 2Bn

2(f - 4.)      A„ - n¡i
F„ F„

But

An - nn _ An - nn    VJj
-+0       as n —» oo.

5« Vñ 5«

Also |(r - A„)/Vt | < X implies Vñ > ((t - XVt )/ß)l/2, hence

XV7t-A.

VÏÏ Vn" Im;

r- A.

V7
<x

< k   for all i, for some constant k.

Therefore (t — nfi)/Bn = 0(1). Hence for any e > 0, we may choose a F > 0

such that for t > F

exp<
-2tAn + A2 + 2in/x - n2u2

2F„2

for all n such that |(r - An)/Vt \ < X. Therefore

<e

lim 2
|(/-.4„)/v7|<A

1      1

*2i     B„
IT exP

0 - An)2

2Bl

< e lim
/-»oo  \\t-A„)/Vt |<A   v27T       fl«

_J_L ex Í - (f - ^)2
V2¥     ** CXP 2F„2

i      i      ( - (t - aJ
- exp   -

2F2n
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lim 2
'~>0° \Ç'-A„)/V~t |<A   V27T       °n

The result follows,   fj

1 |  - (t - An)2
7T exP   -

2F.2

Lemma 8. If Conditions S(a)-S(c) are satisfied then for any e > 0 there exists

a X2 such that

lim
'-,"=° |(/-«,i)/v7|>A2 V2Î7     B„

TT exp

Proof. This follows from Lemma 1.

Note that

1       /■»

2F2
<£.

V2-TT O J-ao r1

Hence there is a X > 0 such that

-L_   CX/V»   e-(MV2oV & _ 1
2w a J-x/VJï M'27T a •'-x/Ví

If we break [—X/ Vjü , X/ Vjü ] at the following points:

<£.

I Vñ-n

1     ,0,       '

Vñ-1  '     Vñ + 1
,  .  .   .  ,

Vñ +n

we have

J^/^e-OW*. Hm 2
fïvoJ-*/^ï ^°° W<XVÜ7Ü  V2

1

7ra

—i— exp(_ ii£îf—^—y
VÏÏ+n {     2 a2 V VnT«" /

since (n + 1)/Vn" +n + 1  - n/Vñ~Tñ m l/Vn"+n . Let juñ = í:

i—r^"     e-C2/2.Vífc= Hm 2
2'77-a  ■'-X/Vü '->»i/_w^V2wa J-X/Vpl

This gives

|(/-#i/»)/v7|<X  V2777

1 f - (f - n/i)2
—F~ exP   —\ 2
avn l 2a^n

hmi-^'-^expi^^rUl
'->°° «-i V2ïr     aVñ l        20^        J       M
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Proof of Theorem 2.

lim   2
/-»oo „ = i

^)--^-iexp(^<^-
V2ñ    B„ 2B2

< lim   2
/-»oo „ = i

uri   \ ft» ! Í  - (f - jg£
A V2ñ    *,     F 2F2

+ lim   2
/-►oo „=i

ft.        1
~R    eXP

2ir       5n

ft.

(' - An)2

2B2

B.
exp

2B2

The first expression goes to 0 as n —> oo by Proposition 1. The second goes to

0 as n —> oo using Lemma 7 and Lemmas 1 and 8.

Proof of Theorem 3.

lim

teR +

by Theorem 1. By Theorem 2,

P{V, EA}-  2  ^W,{m)
m=l   ft»,

= 0

hm
/-»oo

IEÍ +

2  ~Wt(m)
m=\ F.

exp
- (t - mn)2

2B2
= 0.

Let ¡^ = (u/(a + l))(am + 1); hence fi/(/i + 1) < /V, < Kc + 0- Let y4B

= 21., ft\ and y„ = 2£_i «*; therefore

^„ - n/i        1

Vñ Vñ
M •ï„ + n[i

—]-7*t
(v„ - ««) ■0

(a + 1) '"      a + 1 a + 1 Vñ

as n -» oo. Next since ö2n > B2 > (afn for ail n there is a subsequence nk

such that a2 > (a)2 for all A:. We may construct an i.i.d. sequence {Lnt}°¡°_x of

uniformly distributed random variables with mean 0 and variance v where

V3ü < ¿ii/(ß + 1) (i.e., uniform on [- V3t» , V3Ü ]. Set L„ = 0 off the

subsequence. We may construct a sequence {Yn}™_x of independent random

variables, also independent of {Ln }k°=x, such that Yn has mean ft,, has

support on (+~fi/(ß + 1), oo) and such that the variance of F„ = Yn + Ln is

a2. It is quite easy to check that {Tn}^=x satisfies Condition C(a) since F„t has

a bounded density. By construction Tn is positive.

Applying Theorem 2 to {Tk)J?_, we have

lim   2-^-^-expf-^-^2^
'-»« = iV2i     Bm 2B2

= 1.
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Hence

«   am + 1     1 Í - (t - mil)2 \      a + l
hm   2   —,==-E~ exP
/^oom=i   V2I7      5##>        ( 2F,

But setting 0 = a = a, = a2 = ... gives

lim g  « . 1 «pf^^tíi.i

so that

'-00 „_, V2ñ     Bm 2Bl M

lim   2   ^--ir exp
1    .„J  - (? - mil)2 a

'-»m = iV2i     Ä#, 1 2F2 J       M

This gives the result,   fj

Corollary 1. Fi /ne lattice case if Conditions S(a)-S(c) are verified, then

lim F {renewal at t) = —.
/-»oo jtt

Proof. Define N, = inf{n - 1|^_, < t < S„).

The process Vt = / — SN, t E R + , is a nonstationary regenerative process

which regenerates itself when Vt = 0. Also K, = 0 if and only if SN = t. The

mean time V, = 0 per cycle is 1, so applying Theorem 3

lim F (renewal at/} =—.   n
/-►oo jbt
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