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ERGODIC BEHAVIOUR OF NONSTATIONARY
REGENERATIVE PROCESSES!
BY
DAVID MCDONALD

ABSTRACT. Let V, be a regenerative process whose successive generations are
not necessarily identically distributed and let 4 be a measurable set in the
range of V,. Let p, be the mean length of the nth generation and a, be the
mean time V, is in A during the nth generation. We give conditions ensuring
lim, ., Prob{V, € A} = a/p where lim,  (1/n)Z}., 4 = p and
lim, ,o(1/ME}my & = .

Introduction and main results. A nonstationary regenerative process ¥, may
be viewed as a succession of independent generations or cycles whose cycles
are not necessarily identically distributed (a good example is a classical
regenerative process (see [8]) whose stochastic mechanism is nonuniformly
perturbed). The successive cycles are labelled 1, 2, 3, ... and we could start
off the process at the nth cycle, say, in which case we denote the process by
V™ (VY is denoted by V). However the process is started, it is defined on a
measure space {Q, ¥ }. Starting off at the nth cycle merely induces a different
probability measure P® on {Q, ¥} (P? is denoted by P).

Let (T,)=., denote the lengths of the cycles starting at cycle 1. Hence
(T,)%., is a sequence of independent random variables defined on {Q, ¥, P}.
Also we assume 7, > O for all n. Define S, = 37, _ T,,,.

If the T, all take values on a lattice (for simplicity the integers) we call it
the lattice case; otherwise we call it the continuous case. As in [2] and [3] we
maintain a dichotomy between the two cases. In the former case R [R,]
represents the integers [nonnegative integers); B, is the o-field of subsets of
R, and m is counting measure. In the latter case R [R ] represents (— oo, 00)
[0, 0)]; B, is the o-field of Borel sets on R, and m is Lebesgue measure.

Let K, be a partition of {1,2,...} of the form K, = {i|i, <i <i,}.
Given K, define Y, = 3,c ¢ T;. Ford > 0, and e = 1/2r, r an integer, set
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136 DAVID MCDONALD

B (e) = {x| — e <x — 2ke < &},
gk (e, d) = min[Prob{ Y, € B,(¢)}, Prob{ Y, — d € B (¢)} ],

m
Gule d) = 2 ul(ed).  Qn=3 4(31)
=—o00 n=1

DErFINITION 1. The sequence {7, } ., is called strongly d-mixing if Ve there
exists a sequence K, such that 3°_, g,(¢, d) = oo. Furthermore the sequence
{T,}5-, is called strongly mixing if the closure of the smallest subgroup
containing {d|{ 7T, }>-, is strongly d-mixing} is R.

ConpiITioN C(a). (T,)3%., is a strongly mixing sequence (see also [2, Defini-
tion 3] and also Mineka [4]).

Let F”" be the distribution of T,,.

ConbDITION C(b). There exists a distribution G with finite mean such that
F*(s) > G(s) forallnand alls € R . Let i be the mean of G.

ConprtioN C(c). If w, = ET, is the mean length of the nth cycle then
inf g, > p > 0. This condition is vacuous in the lattice case.

It is clear that V, is a very special semiregenerative process (see [2] and [3])
with embedded semi-Markov chain (n + 1, T,)%, (T, = 0). We may there-
fore apply the ergodic results ([2, Theorem 4] and [3, Theorem 4]) to our
special case:

THEOREM 1. If A is a measurable set in the range of V,, if Conditions
C(a)-C(c) hold and if in the continuous case the functions P™{V, € A,
X, > s} (X, denotes the length of the starting cycle) are uniformly directly
Riemann integrable (see [3, Definition 4]) then

o0
Q
lim X |P{V,€4,S,_,<t<S,}——P(S,_,<t<8S,}{=0(1)
"gz n=1 1y
where o, = [ dP™ [§' X e 4)(5) - m(ds); that is a, is the mean time V, is in
A during the nth cycle.

The goal of this paper is to evaluate the weighting P{S,_, <t < S,} as
t - oo. We define the following supplementary conditions:

Let the variance of F” be o7 and set 4, = =7_, p, B} = 27_, o7.

CoNDITION S(a). There exist constants ¢ and & such that ¢2 < (3)? and
n(e)* < B2

CoNDITION S(b). lim, , ,(1/0)f |y <s(x — m)*F*(dx) = 1 uniformly in k.

ConDITION S(c). There exists a p > 0 such that lim, . Vn (4,/n — p) =

n— o0
0.

The chief results of this paper (the proofs are given in the next section) are
as follows.
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THEOREM 2. If Conditions C(a)—C(c) and S(a)—S(c) hold, then
. b [T | —(t — np)?
lim P{S,_,<t<S,} - c—expy —————|=0. 2
(R, '21 (5o } V2r B, P 2B; @

THEOREM 3. If Conditions C(a)-C(c) and S(a)—-S(c) hold, if (1) holds and if
there exists an o such that

hm\/_(l i j—a)=0

n j=1
then
lim P{V,ed)=2.
t—>00 113
tER,

This generalizes the classical ergodic result for regenerative processes (see
(8D.

Lemmas and proofs. Conditions C(a)-C(c) are verified throughout
LeMMA 1. If Conditions S(a) are satisfied then for any &€ > O there exists a A
such that

-(t—-4)?
lim > ”"' % exp[(—z—")- ] <e.
t—00 |(I A..)/\/—|>7\ n 2B"

PrOOF.

s oo ,Lexp[—(r—m’]
(t-4,)/Vi>x V21 B

/v =

< S ) 1 exp - (A\/_ t + kp.) }
ES1V2T \fo)((r = \V1) /i —k) 2(6)((¢ = AV1)/p —k)
(1=AVi)/p

PE1 — (\V7 + kp)’
* k=1§l_t+1 V2zr ¢ exp{2(5)2((t —AVi)/p —k)
(where 0 < (1/v)(/p) < 1and ¢ > A%(1

-1/7)7%)
< (ﬁ)3/2. 1 ft/yp. . (A\/_ t + XE)Z dx
4 V2r %o 1”"\\/__"!‘ 2(0) (t—}\\/_—xp.)
LA TR T N I (7278
+L"(l Y)m oexp{ }
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We now choose 0 < a < 1 such that
t— AVt —xﬁ>a(t—}\\/; —x;_l.)

for 0 < x < t/yp. It suffices to find a suitable a for x = ¢/yp. For x = t/yp
the above inequality yields #(1 — a — i/yp + /) > AVt (1 — a). Pick a
sothat B=(1 —a—ji/yp+ a/y)>0; thatis 0 <a < (1 — 1/y)'(1 -
i/yp) and Bt > AVt (1 — a); that is ¢t > A(1 — «)/B)% Therefore for a, v
and B as above and ¢ > max{}\2(1 1/7)7% A1 - a)/B)}}

( ﬁ)3/2 . f p{ (}\\/; + xﬁ)2 dx
S Var ‘/, - )\\/' - xfi 2(5)? (t AV — x&)

B2 1 1 f‘/"‘ 1
(1]

g V2r Va -\/t—A\/;—x;_J.
ex B . ()\\/;+xﬁ)2 dx
2(3)° (¢t =AVi — xp)
@7 1 1 f’ hve exp[-—t- (t_s)z}ds

% Vaz Va J-1/m-rVi Vs 26 S
(wheres = t — AV7 — xp)

t/ ™

_@”? 1 1 (/v +AVE)(ra=1/p-AVi) 2, —1/2
o Viz Va Avig-aviy (l *G 4407
R 2 g
XP{ ) * }
(wherex =(t—s)/Vs or Vs = (Vx?+4t — x)/2)
(M):"/2 1 1 (= il "R 3 QA
"o V2r Va exp[(a)2 x} '

Therefore,

2 Hn 'Lexp{—(t—A")‘}
(-4)Vi>x V2r B, 2B}

@7 1 1 =
<“ge'm°\/&fx°x{(—% 2}¢x

+L(l - l)—\/g;ﬂ— % exp[;(a%)%z'—t} <

£
2
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for A sufficiently large and ¢ > max{A%(1 — 1/y)~2% (1 — a)?/B)} where a,
A and B are defined as above.
Similarly

2 & ._l_exp[—(t_An)z}

(t-ayVi<-r V2n B, 2B}

< § E_. 1 ex _ (A\/; ha kE)z }
51 V2m o) (1 + AVI) /B +K) 2()’((+ + AVI)/p +k)
71 5 ! ool . AV + k)"
¢ Vir ESi\feave + e 2(3)" (¢t +AVI + kp)
< (E )3/2 1 f°° B (AVZ + xp)’
g Vazr 1/t+7\\/_+xu 2(3)" (t+AVi + xp)
=(,-:)3/2' 1 [ 1 p[_& (s—t)z}ds_
9 V2x JieaVi Vs 2(5)? s
(wheres = 1 + AV? + xp)
_@ 1 e X el =R 2
o V2z AVi ViV (l * VX2 + 4t )exP{ 2(5)* * ]dx
(wherex =(t—s)/Vs or Vs =(Vx*+4t + x)/2)
@2 1 e il ) £
o mfxzex{z(a) }dx<2

for A sufficiently large.
The result follows. []

LEMMA 2. If Conditions S(a) are verified, then for any ¢ > O there exist A\ and
T(A\(e)) such that

> P{S,.,<t<S,}<e forallt>T.
|(1=42)/ Vi |>A

PROOF.

> P(S,_,<t<8S,)<P(S,>t)+ P(S,<1)
|(z—A,,)/\fr |>A

where
k=sup{n:A,,<t—)\\/;}
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and
1=QOA">r+Mf}

P(S, >1) < P(S, — 4, >AVt) < k,(;z) .
However pk < 4, <1 — AV?. Hence
k1 A) 1 )
—<—=f{l-——]< = for t > A%
t l_‘( Vi »
Therefore P(S, > 1) < (1/ ;_:.)(6)2 /A2
P(S,<t) <P(S,—4,< M/')< 15;3
However/;a,(l—-l)<A,_,<t+}\\/—.Hence
l l( }\)
-<—|1+—|+npn
t [ Vi La
Therefore,
1 1 A )@
PS<t<( +) ——]——
(Sk ) [E’ K B Vi | a2
Hence,

. @2
lim [P(S, >1) + P(5,<1)] < v (L‘ + ;_z).

t—00
This can be made arbitrarily small by taking A large.

LemMa 3. If Conditions S(a) are satisfied then for L > 0, & > 0, A > O there
exists a T > O such that for all t > T and for all x (0 < x < L) we have

2
e SUE ) _ g 2 )

for all n such that |(t — A,)/Vt| <A.

<e

PROOF.

_ _ _ 2 _ _ 2
exp (t X An) — exp (t An+l)
2B; 2B},

(t-x-4)
2B? )

— 4 2
<[l - exp{ (¢ 2"“) -
2Bn+l
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Next
(t - An+|)2 _ (t - X - An)2 = B:(t - An+l)2 — B3+l(t - X = An)2
2B, 2B} 2B,,B;
Also

B:(t -4, - ""n+l)2 - (Bn + 03+l)(t - X - An)z
= B:(t - An)2 - 233”'"4-1(’ —4,)+ (”‘n+l)2Br?
—BX(t — A,)* — B2x? + 2B x(t — A,)

2
= 03i(t — 4,)" + 2xal (1 — 4,) — 07X

Therefore
(t - An+|)2 _ (t—x- An)2
2B2,, 2B?
= _2"‘n+l(t - An) + 2x(t - An) + (l"‘n+l)2 - X2
2B, 2B,

+ 2x07,(t — 4,) — oyt — An)z _ 051X
2B}B;., 2B}B}.,

as t — o0, n — 0. Moreover B? > n(0)? hence
{("’n+l)2 - xz}/2B3+l -0, t—> oo,

and
- 02,,x*/2B2B?,, >0, t— oo,
for n such that |(f — 4,)/ V7 | < A.Next 4, — AVt <t <A, + AVt implies
that 1 — AV? < nji. Hence
|t =4 (AVE AV: _AVig
B? Bl n(e) o(t—AVIP)
Therefore |t — A,|/ B2 — 0 and
(t—4) _(t—4,) (t—4,)
= . -0
BB, B B

as t — oo by the same reasoning. Hence we have
(t - An+l)2 _ (t - X An)z
2B2,, 2B}
which gives the result. []

-0
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LemMA 4. If Conditions S(a) are verified then Ve > 0, A > O there exists a

T > O such that fort > T
L g — ) L exp] =)’
fo (1 = F**(t - 5)) o exp{ 25 m(ds)

Prs1 - (t- An+l)2 }
- exp <e
V2m { 2334-1
for n such that |(t — A,)/Vt| <A
PROOF.

fL (1 = F*(x))m(dx) < fL *(1 = G(x))m(dx) -0
as L — 0. Let L be such that [P(1 — G(x))m(dx) < ¢/4. Next

' n+1 1 - ( - An)2
j;(l - F"*(t - s))l v exp{ szB,f }

—_ 1 exp - (t n+|) ] (df)}

V2w 233,,,1

exp{ — (2;2A") }

' 1
<f0(1-G(t-s))m

-(t-4,.,,)
—exp (=4 m(ds).
283+l '
Moreover
1 —(s—4,) —(t—4,,0)
ex - —exp| —————— 1< 1;
V2g p{ 233 } p{ 2334-!
hence

m(ds)

. 1 —(s—4,) = (0= Ap)’
A R
1 _( _An)2
Vin l“p{ san’ ]

—exp - (t — ‘411-0-1)2
2B,

<f"_L(1 ~ G(t - 5))

m(ds) + %.
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By Lemma 3 there exists a T > L such that for ¢t > T and s such that
t — L <s <twehave
€

—(s-4)| [ —u-4.0)|_ e
oo =) oo S
for n such that |(z — A4,)/Vt | < A. Hence we have
d — Fn+l, 1 — (S — Aﬂ)z
fo(l F"*(¢ s))[ or exp{ 25 }
oy — 2
exp[ (t—4,,) }}m(dy)‘

V2m 2334-1

_ &
<p.'z—+ =

=l
Hlm
N e

However

-(t—-4,,)
. 1 exp[ ( > n+l)
V2m 2Bn+l

ey = [ 1 - F"“(s»m(ds)| <%

f (1 = Pt — ))m(ds) = pp

<

This gives the result. []
We now digress to establish certain useful results related to local limit
theorems.

PROPOSITION 1. In the continuous case suppose (T}, is strongly mixing
(we need not assume that the T, are positive valued) and suppose T, has a
bounded density; then for all s,0 < s < I, wheres € R, and] € R,

im 3 P{k<S,<k+s}=7.

n—ow 2T o

Proor. First suppose s = xp, | = xq where p and g are integers (x € R ).
Consider the function f(z) = Xz __pi,u+x(2)- Next let %5, =3 _, T, so

Ef(S,) = EfCS, + T)) = E[ JCS, +y)F&) = Eg(’s,)
where
5() = [ flx+0)FY(@).

Since F! has a bounded derivative, g is uniformly continuous and applying
Theorem 2 in Orey [7] we have:

lim [Ef(S,) — Ef(S, + x)] = lim [ Eg(’s,) — Eg(’S, + x)] = 0.
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Similarly
lim [EA(S,) - EA(S, + kx)] =0

SO

q-1
lim | gEf(S,) — E X f(S, + kx)| = 0;
n— k=0

that is lim,__[qEA(S,) — 1] = 0. Hence lim,_ . E S4_3 f(S, + kx) =p/q
which gives:

00

lim > P{kI<S,<ki+s}=

n—oo k=—o0

N'h

if s/1 is rational. For arbitrary s, / we can find S; <s < Sy such that S, //
and S;,// are rational. Applying the above

o0
< lm 3 P{kI<S,<kl+s)}

nsowo k=-o

S.

l

and

—_— o0
lim P{kl<S,,<kl+s}<&.
n—-»o k=-—o0 I
The result follows by taking S; and Sy, arbitrarily close tos. [J
The analogous result in the lattice case is obtained similarly. We also have:

PROPOSITION 2. In the continuous case under the hypotheses of Proposition 1
lim,,_, o, SUP; c(e,o0)| [Tk =1 fi(¥)] = O where € > 0 and fi(¢) is the characteristic
Sunction of T,.

PROOF. Let T, be a random variable independent of the T} for k > 2 with
characteristic function

z 1 —|s|/e, for|f]<e,
Ry =
H(s) {0 for || > €

(see Mineka [5]). Let S, = T, + T, + - - - +T,. Now (n + 1, T,)3°o (Tp =
0) is a semi-Markov chain with state space {1, 2, . . . } and transitions from n
to n + 1 for all n. It is clear that all bounded, harmonic functions on the
underlying chain are constants. Moreover (n + 1, T,)°., is strongly mixing.
Therefore by Lemma 1(a) in [3)], for any harmonic function 4 on (n +
1, S,)% ¢ h(n, x) = C,, a constant, a.e-m for each n. We may consider
(n+1,5)%, to be the same chain with a different initial measure. By
hypothesis both S, and S, are absolutely continuous w.r.t. m so, by Theorem
1in [3],
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lim |75, € dx) - P (3, € ax}| = 0

(Il || is the total variation on R). _
Now Ee”Ti = 0 for |s| > ¢ and hence Ee*> = 0 for |s| > e. Hence

f[ fi(s)

k=1

lim sup

= lim sup |Ee“S — Ee“*
n—>c0 s€[e,00) n—oo

s E[e,0)

< lim [|P{S, €dx} - P{§, €dx}|=0
since |e®*| < 1for all s. []

PROPOSITION 3. In the lattice case if Condition C(a) is satisfied then
o0

kI.[.[oni‘h P{T, = n(modh)}] =0

for any integer h > 2.

PROOF. Suppose there exists an integer 4 such that

klsln[oin:iﬁ P{T, = m(modh_)}] > 0.

Then there exists a sequence of integers {m, };.., such that

o0
kH [P{Tk - my =0(modl?)}] >e>0.

=1
LetT,=T,—m;S,=T,+ T, + - - - +T,. Hence P{T, = 0 (mod h) for
all n} > & > 0. Hence P{S, = 0 (mod /) ult} > ¢ > 0. However the tail field
of {§,}%., is clearly contained in the tail field of {,}%., which is trivial by
hypothesis C(a). Hence P {S, = 0 (mod &) ult} = 1. However

o0

2 |P{S, =i} - P(S,=i+1}|

= — o0

>

P{S,, =kil m, (modi?)} - P[S,, = él m + l(modif)}‘

=|P {8, = 0 (mod k)} — P {8, = 1 (mod k)}|
—>1 asn—-> o0

since S, = 0 (mod /) ultimately. But by the argument used in Proposition 2
(or by Theorem 2 in [7])
lim ||P{S, € dx} — P{S, + 1 € dx}||=0.
This gives a contradiction and hence completes the proof. []
We now state:
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LemMMA 5. If Conditions C(a) and S(a)-S(b) are verified and T, has a bounded

density then
e 2
N Y s
V2w 2B?

uniformly in s € R where p,(s) = P{S, = s} in the lattice case and p,(s) is the
density of S, in the continuous case.

=0

nl_ll;l;lo Bnpn(s) -

ProOOF. It suffices to check the conditions for Theorem 1 in Mineka [5] in
the lattice case and Theorem 1 in Mubhin [6] in the continuous case. This is
easy using Propositions 1-3. [

In the discrete case Condition S(b) may be weakened to the Lindeberg
condition: for eache > 0

lim 4 3 [ (x p)PFH) =0
n—~0 B2 2 Jix|>eB,
plus a stronger mixing condition: inf,_, \/a,, /B, > 0. See [1].

LEMMA 6. If Conditions S(a)-S(b) are verified and if W(n) = P{S,_, <t <
S,) then, for all A > 0,

: Pn 1 -(-4,)
lim > W,(n) — ~—exp[-——
=% (- 4a)/ Vi | <A ! V27 B, 2B? )

= 0.

PrOOF. By Remark 1 in [3] if T, is a random variable independent of
{T,}x., with bounded derivative then

lim § |W,(n) — P{S,.,<t<8,}|=0
1

=00 pm=

where §, = T, + T, + - - - +T,. Hence we may assume that T, has a
bounded derivative. Now take ¢ > 0. Next B2/n > (o) for all n as n — o,
so there is a K, such that

V’/Bfr/p;—}‘/ﬁ\/;] <k Vt>K,.

By Lemma 5 there exists an N such that foralln > N

1 - (s—4,)
x/ﬁe"p{ 25 }<

for all 5. Hence there is a K, > K, such that the inequality |(t — 4,)/V? | <
A implies n > N for ¢ > K;. By Lemma 4 there exists a T > K such that, for
t>T,

€

Akix

B,p,(s) — 3)
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, RS
}fo(l—r"“(r—s)) ‘ exp{L‘_ﬂ}m(d,)

\PX 2B?

Var

_ P exp[ - (- An+|)2}

2B?

) €

<% @

for n such that |(t — 4,)/Vt| < A. We remark that W,(n + 1) = [l —

F**Y(t — $))p,(s)m(ds), so, for t > T,

1
> W(in+1) ——
(= 42/ Vi | <A ‘ V2r B,
1
= 2

|(:-A,,)/VE |<a T

_ P

—(t— A )
B exp (¢ 1)
2B;,,

f (1 = F**1(t — 5))B,p,(s)m(ds)

V2r

exp{ - (‘ - An-l-l)2 ]

2B,

< 3 fa-Fre-9)

S

(G2 BYATIES St 0

- (S - An)z

1
| B,p,(s) — ex
Pn(S) o= p{
1 d n+1 1
+ 3 =P -s)
[(e—4a)/ Ve |<a Tn |70

m(ds)

)

V2r

. exp{ M }m(ds-)

282

_ M

V2n

1

< X - B 7= (by(3)
|(r—A,,)/\ft|<A B, M
€

R  CR)

—(t—-4,,,)
exp ( n+l)
2B,
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using nfi >t — AV . Butt > T > K, 50 Vt /By, /p_siym < k. Therefore we
have

1 My 4y —-(t—4 -c-l)2 4e
> W(n+l)——-—exp[——" < —.
|(t=An)/ Vi | <A ‘ V2x B, 233“ Lo
Finally
TR ETEVIe. TR
I(t—A,.)/\/?|<A 27 * 233“ B, B,
A o,
<2=Vi—¢
M Bn—an

since \/B,f,,, — B? > B,,, — B,. This tends to 0 as ¢ — co. We remark that
W[t/ +AVt /E])>0 ast—>oo

which implies

< 4¢

Y

|(:-A,,)/\f: |<A

W,(n) — ) exp["_(iﬁ}

1
V2r B, 2B?

which yields the result. [J
PROPOSITION 1. If Conditions S(a)-S(b) are verified then

L& g1 —(t—4,)
lim W, (n) — c—exp{ ——— }|=
t—00 ngl I( ) \/E . Bn P{ 233

ProoF. This is immediate from Lemmas 1, 2 and 6.
REMARKS. Proposition 1 gives

- - (t—4,) L&
lim c— exp{ ————— } = lim W,(n) =1.
t—00 ,,g] \/2_.” B,, p[ 233 t—>00 ngl '( )

LeMMA 7. If Conditions S(a)-S(c) are satisfied,

11 {-(t—An)’]
V2r B,

lim >

2% (e - 4n)/ Vi | <A
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PROOF.

11 -(t-4,)
P — exp ———————————
V 217 Bn 233

1 1 — (t — np)?
— *  — ex —_——
V2w Bn p{ 233

|(:=4.)/Ve|<A

1 1 - (t )
< 3 L p{__]
|t-40)/Vi|<A V2m B, 2B;

—2tA, + A2 + 2tnp — n%?
|1 — exp Y .
n

However
—2tA, + A2 + 2mp — 0% [4, - nu] [2(t — 4,) + A, — np
287 - T 23, B, B, |

But
A,—nm A, —np Vn
B,  Va B,
Also |(t — A,)/ V1t | < A implies Va > ((t — AVt )/[5)"/? hence

)\\/_ AV V2 t— A
A\f( ) if [——=
\/Z < B t

< k for all ¢, for some constant k.
Therefore (¢t — nu)/ B, = O(1). Hence for any ¢ > 0, we may choose a T > 0
such thatfor¢ > T

—2tA, + A2 + 2tnp — n’u?
exp{ = "232 L

for all n such that |(t — 4,)/ V't | < A. Therefore

— —(t—A4,)
lim > L —B}— exp[ ————( > ) }
|(t=4n)/Ve|<A 27 n 2B,

-0 asn — o0.

t—
<A

<e

<elim >
1> (- A,,)/\f|<x

uad
ba|-—
(]
»
o
r— e,
|
~~
ol
-]
N
:
v
h,—/
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Now

— 11 -(t—4,)
lim > -— exp[ ——— <L
1% |(1—4,)/ Vi |<A V2r B, 233

The result follows. []

LemMa 8. If Conditions S(a)—S(c) are satisfied then for any € > O there exists
a A\, such that

2
lim 2 Bn . _;_ exp{ .Ln_”')} <e.
20 =)/ Vi |>A, V21 Pn

ProOF. This follows from Lemma 1.
Note that

1

V27 o
Hence there is a X > 0 such that

[° ewnvig =L
—» n

] f MVE ety g _ L <
V27 67-X/Va L
If we break [-A/V ., A/ V u ] at the following points:
[ —-n -1 0 1 n }
‘Va-n' U Va=1 Va+l U Vi+n )
we have
1

l x/v; 2 2 .
—_— e_(l‘ /2"’2)" ds = ]_]m 2 )
V2m o f—X/V? 2% \m<xVa/u V2mo?

1 { 1,42( n )2}
. expy — 35—
Vi +n 2 2\ Vii+n
since(n + 1)/Va+n+1 —n/Via+n~1/Va+n.Letpi=1t:

l X/p. —(u2 2y¢2 . l
—_— e (1*/20%)s ds = lim 2
V2mo f-x/ﬁ =0 (GO YAZIESN V2m
- (t—m)? }
. €x] .
o\/r_l p{ 202n
This gives
- | 1 — (t — np)? } 1
lim . €x =—.
-0 ngl V27 oVn p[ 20°n L
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PROOF OF THEOREM 2.

00 2
. B 1 —(t—np)
lim W, (n) — c— eXpy ———5———
t>o ,,21 () V2z B. Pl 2B?

0 2
: H, 1 - (t - An)
< llm W.(n) — « —— €X] _—
R LG Y ) ”[ 2B
& om0 - (t—4,)
+ lim — . — exp{ —————
t—>00 ngl V2w Bn p[ 233

SR S el Ul DR}
V2w Bn 2B3
The first expression goes to 0 as n — oo by Proposition 1. The second goes to

0 as n — oo using Lemma 7 and Lemmas 1 and 8.
PROOF OF THEOREM 3.

S %m
lim |P{V,€4} - —W,(m){=0
(R, m=t Fm

by Theorem 1. By Theorem 2,

. QO = X 1 — (t - m"')z
lim — W,(m) — — — €X] —_— =0.
"gw mz-l [ ’( ) mz-l V2w Bm p{ 2331

Let ft, = (p/(a + 1)), + 1); hence p/(& + 1) < i, < p(fE + 1). Let 4,
=31 ik and v, = 2%, a,; therefore

A,,—np.= 1 [ M v+ npy —np]= |1 .(Yn_“")
Vn Vn l(@+1) ™ a+1l a+1 Vn
as n— oo. Next since 6°n > B2 > (o)’ for all n there is a subsequence n,
such that o,fk > (o)’ for all k. We may construct an i.i.d. sequence { L, }7., of
uniformly distributed random variables with mean 0 and variance v where
V3v <ip/(E + 1) (ie., uniform on [—V3v, V30 ] Set L, =0 off the
subsequence. We may construct a sequence {Y,}., of independent random
variables, also independent of {L, }i.,, such that Y, has mean f, has
support on (+ 3 p/( + 1), 00) and such that the variance of T,=Y,+L,is
o7. It is quite easy to check that { T, )., satisfies Condition C(a) since 7, has
a bounded density. By construction T, is positive.
Applying Theorem 2 to { 7, }<_, we have
) o 2
B 1 exp{ :_(‘—_'"ﬂ} -1

lim —_
Unde "‘2'1 V2w Bm 23;‘:,

-0
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Hence

0 +1 _ _ 2

lim O T -—l—exp (t = my) =a+l.
1> m=1 \2q¢ B, 2B3, 1

Butsetting0 = a = a; = a, = ... gives

0 _ _ 2
lim L. —Bl— exp — (¢ = mp) zmp.) = l,
t—00 m=1 \2q 'm 2Bm ®

so that

0 _ _ 2
i % ’BL""P (t_zmn) ny
t-0 m=1 \2q m 2B;, K

This gives the result. []

COROLLARY 1. In the lattice case if Conditions S(a)—-S(c) are verified, then

lim P {renewal at t} = l
t—o0 [
tER,

ProoF. Define N, = inf{(n — 1|S,_, <t < S,}.

The process ¥, =t — Sy, t € R,, is a nonstationary regenerative process
which regenerates itself when ¥, = 0. Also ¥, = 0 if and only if Sy = ¢. The
mean time ¥, = 0 per cycle is 1, so applying Theorem 3

lim P {renewal att} = L O
t—>o0 [
teR,
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